The spherically symmetric accretion onto a noncommutative (NC) inspired Schwarzschild black hole is treated for a polytropic fluid. The critical accretion rateṀ , sonic speed as and other flow parameters are generalised for the NC inspired black hole and compared with the results obtained for the standard Schwarzschild black holes. We also derive explicit expressions for gas compression ratios and temperature profiles below the accretion radius and at the event horizon. This analysis is a generalisation of Michel's solution to the NC geometry. Owing to the NC corrected black hole, the accretion flow parameters have also been modified. It turns out thatṀ ≈ M 2 is still achievable but rs seems to be substantially decreased due to NC effects, that in turn does affect the accretion process.
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I. INTRODUCTION
The process by which compact massive astronomical objects capture the ambient matter present in the interstellar medium, and leads to increase in their mass (and possibly their angular momentum also) is called accretion [1] . It is one of the most ubiquitous processes in the Astrophysics. This accretion of gas by compact objects is likely to be the source of energy of observed X-rays binary, quasar and active galactic nuclei. During accretion, kinetic energy of in-falling gas increase on the essence of gravitational energy and subsequently result in the increase in radiant energy of the object. The history of research on the accretion of an ideal fluid onto a compact object begins with the work of Hoyle and Lyttleton [2] , who studied the effects of accretion onto the change in terrestrial climate and subsequently, the considerable change in the radiation emitted. In their work, they neglect the pressure effects. Later in this extension, Bondi [3] in his pioneering work studied the stationary, spherically symmetric accretion of non-relativistic gas onto compact objects, this work was also the generalization of Bondi and Hoyle earlier work [4] . It may be noted that the Bondi's work was distinct from Hoyle and Lyttleton's [2] works in the sense that accreting gas was at rest at infinity in the former case, while it has finite velocity in the later case. So far entire work was done using Newtonian gravity. A relativistic generalization was made by Michel [5] (see also [6] for further generalizations and supplements to Michel's solution) who studied the stationary, spherically symmetric and relativistic accretion onto the compact objects. Several generalization to Michel's work have been suggested to discuss accretion in various other form [6, 7] , viz., properties of the * Electronic address: rahul.phy3@gmail.com † Electronic address: sghosh2@jmi.ac.in accretion onto Schwarzschild black hole has been broadly investigated in [8] [9] [10] [11] and Begelman [12] examined some aspects of critical points of accretion problem. Other include the accretion onto a higher dimensional black hole [13, 14] , onto a black hole in the string cloud background in [15] , onto a charged black hole [16] [17] [18] and onto a rotating black hole [19, 20] (see all review [21] ). A study of general relativistic spherical accretion with and without back-reaction has also been done in [22] and the result showed that the mass accretion rate is enhanced in the absence of back-reaction. The aim of this work is to explicitly bring out the NC geometrical effects on the spherically symmetric accretion onto Schwarzschild black holes. It is well known that the accretion process is a powerful indicator of the physical nature of the central celestial objects, which means that the analysis of the accretion around the nonrotating NC inspired black hole could help us to understand the regime where general relativity breaks down.
However, even after intensive research on black holes some aspects still require cogent interpretation, such as an inadequate description of the late stage black hole evaporation [23] . Still, we can explain black hole evaporation as a semiclassical process, but the breakdown happens in the limit M BH < M pl during evaporation. And furthermore, the black hole temperature (T H ≈ 1/M ) diverges in the last stage of the evaporation process, that is T H → ∞ as M → 0. However, one can expect that this divergence will not occur actually, because in the Planck phase the black hole will be dramatically disturbed by the strong quantum gravitational effects under M BH < M pl . To efficiently describe all evaporation phases of black hole one must include the quantum field theory (QFT) effects in curved space-time and ensure the controlled behavior of theory at very high energies [24] . The Noncommutativity (NCY) is one of the promising ways to approach QFT in curved space-time [25] [26] [27] [28] , which arises naturally in the string theories [29] . Since it had been widely accepted that quantum gravity must have an uncertainty principle which prevents the exact position measurement below the Planck scale. The NC geometry is naturally encoded in the commutator
where θ µν is an anti-symmetric real matrix which determines a discretization of the spacetime. This commutator leads toward the resulting uncertainty relation in quantum gravity regime.
Therefore, NC geometry provides a subtle way to spacetime quantization and it remove the short-distance divergences of theory as one of the most promising feature.
It may be noted that study of NC geometry inspired black hole are very important as it cures usual problem encountered in the terminal phase of the classical black hole evaporation. Further, the NC inspired black hole has no curvature singularity rather it has de Sitter core at short distance. Many authors have extended classical black hole solution to find exact NC inspired black holes [30] . In this paper, we study the effect of NC geometry upon spherically symmetric accretion onto NC geometry inspired Schwarzschild black hole. Interestingly, it turns out that the mass accretion rateṀ surprisingly decrease in comparison to the Schwarzschild black hole [5] .
The paper is organized as follows In Sec. II, we review the NC inspired black hole and study its properties. In Sec. III, the analytic relativistic accretion onto a NC inspired Schwarzschild black hole model is appropriately developed. We calculate how the presence of a smeared mass object instead of point mass object would affect the mass accretion rateṀ of a gas onto a black hole. We also determine analytic corrections to the critical radius, the critical fluid velocity and to the sound speed. We then obtain expressions for the asymptotic behavior of the fluid density and the temperature near the event horizon in Sec. IV. Finally we conclude in Sec.V.
We use the following values for the physical constants for numerical computations and plots: c = 3.00 × 10 10 cm.s
II. NONCOMMUTATIVE GEOMETRY INSPIRED BLACK HOLE
The analytic relativistic accretion solution onto the black hole by Michel [5] is generalized by considering a NC inspired Schwarzschild black hole. We begin with a brief review of NC inspired Schwarzschild black hole and its properties (see [30] for further details). In the high energy physics, the interest about NCY become very important when, in the theory of open strings [31] , the space-time coordinates become non commuting operators. NC geometry is currently employed to implement the fuzziness of space-time by replacing the position Dirac's delta function by spatially spreading Gaussian distribution [25, 26] . We consider the mass density of gravitational source as Gaussian distribution of minimal width √ θ, inspired by NC geometry [30] ,
The particle mass M is diffused throughout a region of linear size √ θ and beyond energy scale 1/ √ θ space-time becomes NC. For Schwarzschild-like geometry
, we have to consider
under NC geometry a massive point source turns into a self-gravitating, anisotropic fluid-type matter of density ρ θ and pressure
which matches with the Newtonian potential at large distances, and differ exponentially at short distance, at r = 0, here φ(r) reads as
Hence as expected, NC geometry regularize the divergence at short distance. Solving the Einstein equation G ab = 8πT ab with matter source (3), we find the line element
where γ(3/2, r 2 /4θ) is the lower incomplete gamma function,
The classical Schwarzschild solution can be recovered in the limit r/ √ θ → ∞, and again in the limit r → ∞, we get Minkowski solution. The event horizon are zeros of g rr (r H ) = 0, i.e., which can be written in terms of upper incomplete gamma function as
The numerical solution for horizon are depicted in Fig. 1 , it is clear that NCY modify the behavior of horizon and their radius. It turns out that one can find a critical mass M 0 such that a single degenerate horizon occur for M = M 0 = 1.9 √ θ with r H = 3 √ θ, for M > M 0 there are two horizons, and whereas for M < M 0 , there is no horizon. The larger root corresponds to the event horizon of the black hole, and the smaller is so called the Cauchy (or inner) horizon. In fact space-time curvature scalars are regular at r = 0. One can write, in the large limit, r H as
The effects of NCY fall off exponentially and are only of relevance at the small distance where space-time fuzziness come into the picture. Hence, clearly NC inspired black hole horizon radius r H is always less than or equal to the conventional black hole horizon radius 2M , r H ≤ 2M . Also, the mass of the black hole can be obtained by integrating Eq. (3) as
(11) and hence the line element can be conveniently put in the form
where
in the limit, r/ √ θ → ∞, f (r) = 1. The metric (12) is useful to discuss the properties of accretion onto NC inspired black hole which is analyzed in the next section.
III. ACCRETION ONTO BLACK HOLE
Here, we generalize the results of the relativistic accretion onto the NC inspired Schwarzschild black hole and analyze how the NCY demand a transition to supersonic flow in the solution. A black hole will capture the interstellar ambient matter presents within a certain effective distance. Due to spherical symmetry this accretion will be a steady-state radial inflow of gas [5, 7] . The gas is approximated as isotropic, though inhomogeneous perfect fluid, inhomogeneity in fluid is due to the fact that near accreting body energy density of gas will be position dependent, and described by the stress-energy tensor
where ρ and p are the fluid energy density and pressure in the comoving frame, respectively, and
is the fluid's proper four-velocity define with respect to the proper time τ . In the comoving frame, baryon number density n, and the baryon number flux are related as J µ = nu µ . The conservation of baryon number flux
and conservation of stress-energy tensor yields,
With the normalization condition u µ u µ = −1, and due to the restriction of spherically symmetric accretion, the velocity components become
We rewrite Eq. (16) as
We now calculate the three-velocity of the accreting fluid for distant observer, defined by w = u i u i ,
= 0. (21) and
A. Accretion process
We are considering spherical steady state accretion onto a NC inspired Schwarzschild black hole of mass M , and the boundary conditions at infinity are same as the Schwarzschild black hole [5] . Since there is no entropy production for adiabatic fluid, hence the mass conservation equation reads
which may be rewritten as
A crucial physical entity in accretion process is speed of sound a defined as [7] , a 2 ≡ dp dρ = dp dn n ρ + p .
The baryon conservation given by Eq. (16) and the momentum conservation reads
on inserting Eq. (25) in Eqs. (16) and (26), these modifies to
where a dash ( ′ ) denotes a spatial derivative. Solving the coupled Eqs. (27) and (28) simultaneously
These are known as Bondi equation [3] , with
For same boundary conditions there are various classes of solution but we are only interested in which velocity increases monotonically from v = 0 at r = ∞ to v = 1 at r = r H . For large r, the flow is subsonic i.e. v < a and since the sound speed must be sub-luminal, i.e., a 2 < 1, this assure v 2 ≪ 1. Therefore, the denominator of Eq. (29) define by Eq. (30c), takes the form
at the event horizon r H = 2M f (r H ), again under the causality constraint, a 2 < 1, hence
Therefore from Eqs. (31) and (32), the flow must pass through a critical point r H < r s < ∞, where N = 0. The steady and continuous radial inflow demands N 1 = N 2 = 0 at r s , otherwise turn-around point will occur in trajectory and solution will be double valued in either r or v. This is nothing but the so-called sonic condition and r s is called sonic radius. The solution of Eq. (29) crossing the critical point known as transonic solution. At r = r s from the Eq. (30), we find that
where v s ≡ v(r s ) and a s ≡ a(r s ). The quantities with a subscript s are defined at sonic points of the flow. It is clear from Eqs. (20) and (33), that at critical point r s , accreting fluid speed will be w s = a s . For the standard Schwarzschild black hole f (r) = 1, we get the celebrated result of Michel's work, reads as
It can be clearly seen that the critical velocity in this model is modified by NC geometry parameter, and the physically acceptable solution v 2 s > 0 is guaranteed from Eq. (33).
Bondi mass accretion rate can be obtain by integrating Eq. (19) over a 4-dimensional volume and multiply by m b , the mass of each baryon, to geṫ
whereṀ is mass accretion rate having dimension of mass per unit time. The most influencing equations for study accretion are Eqs. (19) and (21), and collectively these yield to
which is the improved relativistic Bernoulli equation for the steady state accretion onto NC inspired black holes where the back-reaction of fluid is ignored. Equations (35) and (36) are the characteristic equation of accretion with parameter θ. In the limit r/ √ θ → ∞, our results reduce to the standard Schwarzschild black hole obtained in [5, 7] .
B. The polytropic solution
We are considering the case when the critical point lie outside the outer horizon of improved Schwarzschild black hole. To calculateṀ following Bondi [3] and Michel [5] , we introduce a polytropic equation of state for a fluid,
where K and the adiabatic index Γ are constants. Using Eq. (37) in (23), and integration leads to
where m b is an integration constant, and is evaluated on comparing with ρ = m b n + ǫ with ǫ as internal density. Hence Eqs. (37) and (38) with Eq. (25) give
Further, substituting Eqs. (38) and (39), in the Bernoulli equation (36), we obtain
This equation will also be true at critical radius r s , using the relation (33), we get
(41) For large but finite values of r, i.e. r ≥ r s , it is likely that baryons will be non-relativistic. In this regime, we should have a ≤ a s ≪ 1. Expanding Eq. (41) up to second order in a s and a ∞ , we find
Clearly, for a 2 s > 0, we have
In the limit r/ √ θ → ∞, from Eqs. (34) and (40), we obtain
We note from Eqs. (42) and (44) that sound speed at critical point enhanced due to NC effect. From Eqs. (33) and (42): 
and under commutative consideration r/ √ θ → ∞, we get the standard result for Schwarzschild black hole accretion, reads
It may be noted from Eqs. (45) and (47) that critical radius decrease in the case of NC inspired black hole, and this will put influential impact upon mass accretion rate and other characteristics of the accretion. Under the limiting case a 2 /(Γ − 1) ≪ 1, Eq. (39) will take the form
Accretion rateṀ (35) must also hold for r = r s . At critical point Bondi accretion rate is given aṡ
By virtue of Eqs. (33), (42), (45) and (48) the accretion rate becomeṡ
(50) The accretion rate has mass dependency asṀ ∼ M 2 , which is similar to that of the Newtonian model [3] as well as the relativistic case [5, 7] . If no effects of NC geometry are taken into account, then substituting Eqs. (34), (44) and (47), into Eq. (49), we get the well known result derived in [5, 7] 
with
.
In Fig. 2 , we have plotted the logarithm of the accretion rateṀ against the r s / √ θ and M/ √ θ.
C. Some Numerical Results
The most essential equations characterizing accretion of fluid are Eqs. (19) and (40). Even though they look simple, still these equations are difficult to solve analytically. To get a numerical solution [17] , it is a feasible idea to work with dimensionless variables i.e., the radial distance (x = r/2M ) and the particle number density (y = n/n ∞ ). In terms of these newly defined variables Eq. (40) can be reexpressed as,
While the baryon conservation equation (19) will take the form
it can be recast as
Following Eq. (48), we get
Now we are left with two non-linear equations (53) and (55), which can be easily solved numerically for both the fluid velocity v and the compression ratio y. The velocity profile for the radial inflow of accreting fluid Γ = 1.5 as a function of the dimensionless variable x is plotted in Fig.  3 . The event horizon r H for the NC inspired black hole, has profound dependency upon θ. From Fig. 3 , it is evident that accreting fluid cross event horizon with speed of light. For example, a black hole of mass M = 1.92 √ θ has outer horizon radius r H = 3.276
. Clearly, NC effects are subjugate for low mass regime. In Fig. 4 , we compare the radial velocity profile of accreting gas for NC inspired black hole with the conventional black hole.
The variation of compression ratio y as a function of radial coordinate for a accreting gas with Γ = 1.5 is shown in Fig. 5 . Since we have shown that black hole mass is a dynamical quantity governed by modified Bondi accretion rate. Total integrated flux due to surface luminosity L ν reads
where surface luminosity is proportional to accretion rate L ν ∝Ṁ . This integrated flux modify due to NC behavior of black hole, therefore extra integrated flux as compare to conventional black hole is
where F ν and F ν0 are flux for NC inspired black hole and for conventional black hole, respectively. For M >> M 0 , we have F ν0 >> F ν , therefore F ∼ −1. This is due to the fact that accretion radius decreases due to NC effects and so accretion rate too.
IV. ASYMPTOTIC BEHAVIOUR
In the previous section, we mainly discuss the characteristic of accretion for the case where critical point is far away from outer horizon i.e., r s ≫ r H . In this section, we will explore the other possibilities r H < r ≪ r s and at the event horizon r = r H . The radial inflow solution is transonic in nature, therefore for case r < r s , fluid will be supersonic v > a. Near the horizon we can safely consider that
Similarly the gas compression ratio will also get altered by using Eqs. (19) and (48) as
For large r values, f (r) ≈ 1, and therefore accretion situation will not much differ from the standard commuta- tive accretion. However, at the small distance, f (r) ≪ 1 and hence, number density at distance r will get modify comparing to standard spherical accretion. Assuming a gas follow the fundamental thermodynamic, p = nk B T , we find the adiabatic temperature profile using Eqs. (37) and (59):
Next, at the event horizon of NC inspired black hole, we have r H = 2M f (r H ) and at a distance less than Bondi radius gas is always supersonic. Near horizon gas is always relativistic and rationally we can take, v 2 H ≡ v 2 (r H ) ≈ 1. Consequently, gas compression ratio gets modify as:
The effect of NC geometry at black hole horizon can be noticed from the fact that for low mass black hole, horizon radius decrease due to NC effects, which will significantly change the number density at the horizon.
V. CONCLUSIONS
Recent years witnessed a flurry of activities toward research devoted to NC inspired black hole physics, and one can assert that it is induced by the string theory. The NC geometry provides an effective framework to study short-distance space-time dynamics. It turns out that NC inspired Schwarzschild black hole smoothly interpolate between a de Sitter core around the origin and ordinary Schwarzschild black hole at large distance. It has exquisite effects on black holes, such as it turn ordinary Schwarzschild black hole into the regular black hole with two horizons, furthermore the compelling modification in late stage evaporation of black hole. Further, the accretion of the matter onto black hole is one of the acceptable idea to explain the ultra high energy output from the active galactic nuclei and the quasars. This paper deals with basic model of steady state spherical accretion of a polytropic fluid onto NC inspired Schwarzschild black hole. Resultant radial inflow of fluid is transonic in character even for conventional black hole [3] . But other accretion parameters such as critical radius r s , sonic speed a s , accretion rateṀ and other thermodynamic quantities such as gas compression ratio y, the temperature at various distance from the horizon T (r) get modify substantially due to NCY. Even though critical point locates away from the outer horizon of black hole, but it has subtle dependency over NC parameter θ. Due to NC effects critical radius seems to decrease as compare to conventional black hole, but on the other hand sound speed at critical point increases. Thus, despite of the NCY complexity, we have determined analytically the critical radius, critical fluid velocity and sound speed, and subsequently the mass accretion rate. We then obtain expressions for the asymptopic behaviour of the fluid density and temperature near the event horizon. Hence, in this sense, we may conclude that the steady state spherical accretion solution onto the Schwarzschild black hole is stable. In the limit r/ √ θ → ∞, the results obtained here reduced exactly to vis-à-vis to those obtained by [5] .
